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\~TC ~st,illlaLt,C  t]lc tiltlc: i t  tak~s to lCaHI a]] ul]k]lcnv]]  sigpla]]illg  al])llahct  as a fullctiol]

of al])llabct  size mld otllcr  pamnctcrs,  a sc.alillg  l a w . ‘1’IIC!  IIIOCIC1 asslllllc!s  tllc!  siglJals

are ortlmgcnlal  Vcctfors in a  I+hclccliwl  S]mcel Wit,ll st,~ollg {;aussian noise  adclccl. ‘1’IIC!

illcrcmmltal  lcmn]il]g proc.cclurc  acljustls tl]c currmlt  cstilllatc  o f  t]lc all)llabct  hy ]novil]g

tl]c si:;l]al closmt  to the  rcceivcxl sigl]al CVC1l clcmr  toitj , and tl]c others further away. Wc

S]IC)W  CO1lVCT/;C1l C.f3, alt]iougll in sollmti]]]cs  a very long tinlc. Silmlations snow that tllc

tl]cc)ryt  ]ackslcality. ~tTcalso  ccJ]l]l)arci]  ]crf:ll-]cl]t/il  ~t’itl]b  atclllcal]lillg,  c)rf~lll]l laxilll~l]l-l-

lililill()()[l [)\'cl> :illtl]cl  llassofx  cccil'cclcl:\ta. \17cfillcl  ccJll(litic)lls\ vllclcil  ]clc111cl]tallc2  \rlli]]g

is almost, as gocd as batc]l,  aIId conditions wllcrc it is]] ’t.
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SUMMA A’ Y

~’llis ]mpcr derives a rigo]cms scali]]g law for illcrcwlclltal  and batch lcanlillg  ill tllc

followi)]g  situaticnl. ‘1’here is ZUI unkmnw) set of n ort]q;c)l]al  CN biorthcyynal  signals ill n

rca] cli]nc]]sio])s.,  l’rcsm]tatim]s  am IIItIdC  o f  ra]ldo~ii]y  sclcxtcd  sig~]als  frcmi tlm s e t  wit]l

gaussia]l  )loisc iMddCC1. 11’hc first goal is to cstill]atc! tlic signal set il]c]c]l-]clltally.  A f t e r

cacl) ]mcsc]dlat io]l, tllc Currcllt bes t  csti]llatc of tl]c sig;llnl set is ul)clatml by xnovi]lg tllc

wil]lli]]g signal, tl]c  ol]c c.loscst  to  tl]c reccivcxl sig]lal })lus Ilc)isc, c l o s e r  to tllc rmxivccl

sigl]al ])lus ]loisc. ‘1’lIc cd,l]er 71- 1 signals am Inovcd away. l’;stilnatcs  am dcnivc.cl  for }Iow

IIJ/IIIy ])rcscvltaticnls  are llccdcx] to g e t  wit}]i]] a give]]  ]IImII-sqI]arc  a]]g~llar mm]’ f]’oln tllc

trwc sig]lal set witl] l~igjl })mlmhility, aIJd silnulatiol)s  arc ccn]cluctcd tc) v e r i f y  vtllidity ill

])ractica]  situaticms. ‘1’}]c’illcrclllclltal a])]noacl] is c.oln]mrccl witl] Ixrtcl] lcmJillg, i.e., full

]naxil]m]ll- likclilloc)cl cm tllc mltirc se t  o f  prcsm]tkitio]ls, wl]icll delays ]Ilfikilg  csti]natcs.

ul]ti] all tl]c data (I)]t:sclltatic)]]s)  aIC ill. ‘1’l]c result is t]lat  batcl]  is Ilot llmcli Ixttcr tlla]]

i]lc.mnc]dal  lcanli]]g  in tl]c l)ic)]tllc)g;c)]lal case , b u t  in tllc cmtlqplal case,  htcll call k

truly better.  ‘Tlms, il]crmlcntal  lcami]]gis so]]mti]llcs  bad,

sig]]als ill n I{;uc.liclca])  cli]ncmsio]ls. IIcl’e ?L isass~ll]]c:clk  l]c)l~’]], [)lat lmst al] U])])  C1’kLlllC~

for tllc ]nllnl.mr of dimcllsicxls is Iu1ow]]. MTC do]l’t k]iow, t]]ougl], what tl]c signal se t  i s ,

alId lnaybc IIc)t eve]] tllc llu)nbcr of sigl]als. l{al Idol JI u]lit  vcc.tom  w’cmlcl  bc a])])]oxilnatcly

01’thollonnd, a not  lnucll Clifr(?rcllt  1)1’01)1(!111.

WC xcccivc rmlclo]r] sipla]s wit]] zero- Inca]] aclditivc gaussiall  lioisc. of unkllcmll xloisc>

‘ )I{cxcxirch  Su])])ortcxl  il] ]mrt IW N A SA tl]mug;l]  tl]c Gltcch Jet I’m]mlsic)ll  I,aha-.
tory allcl ill part  by l%c.ific. D e l l  tlmougl]  tllc {;altccll  I+Hcc.tric.al l’hginccrillg  I)c]mrtlrlcut

2)l)cl)art1ncnt  of }Jlcctrical  khlgillccrillgl (;alifonlia  ]nstitutc  of ‘J’cclllm]ogy, .

3)Jc% l’ropulsic)])  l,al)omtory,  ~alifo]l]ia  l]lstit~]tc of Tccll]lo]ogy



pckvcr (01’tl]ogonal  case), a]]cl also With a IWIC1OHI sign fli]) (Liort]]ogonal  C%sc). Diortl]ogo-

Ilal sig]lal sct,s (ortllogolla]  sig]la]s and tl]c!ix ]]c!;ativcs)  am mom Cflcicl]t o f  cl]a!]llel bal)cl-

widtli il] gaussiall  ]]oisc, so tllcrc is a]ll])lc reasoII for cc)llsidclillg  t]lis casi!. AS wi]] bC SKI],

tlloug;l),  ollc rcasoll  fox co]]siclcrillg  bioltllc)gc)]lality  is to cm]trast  it witl] tl]c cntlllc)gol]al

c a s e .  WC try to lean]  w]]at tl]c signallil]g set is o]] the basis of cxpcricllcc,  that is, givcll.

lalIdolII il]dq~cmdcnlt  I)xescn]taticnls  of tile sig]lals. ‘J’hc rcxults of this palm CHI tllc m]nlmr

of sa]]lplcx  l]ccdcd arc ccMIccII]cd  wit]l tllc c.asc of stlcmg noise , Yt7c start  wit]l a ra]idcnn

or ally o]tllonc)nnal  s e t  of unit vectors as OUI i]litial  csti]natc. After

sig]]a] ])lus x]oisc , WC C.cnn]mtc tl]c distallcc  to cacll ]I]c]]lbcl  c)f tl]c  initial

tllc c]oscst.  g’l]c llcw basis set, as wc said, is c)l>tai]]cd  frcnn tl]c  old by

lnmn}.m toward tl]c xwccivccl sigl]al-  plus I]oisc, a]]d all tl]c c)tllcrs  a w a y .

rcc.civi]]g tllc first

basis s,ct, aIIcl fiIlcl

lnovi]]g;  its c-lc)smt

‘~’llis ]nodificatio]l  ])]OCCSS  is ]IIUC]I a s  ill stoc]lastic

‘J’llcrc  am s i m i l a r i t i e s ,  t o o ,  with work 011 ullsu])cr~’isd

cstilnates  llC1’C i31”C tllc first al]alyticc sti]l-ltitcsc)  flctl~l]i]]g

wc t,rcat. Adapt ive  l{cscmmlc.c q’llccmy cm Al{g’ a]Jd no]l-

0]] wl]at wc ale doixlg.

a]qnoxilnatioll  ox feature l]]a])s.

lcanli]]g  i]] colltro]  tllcc)ry.  ‘J’l]c

ti]llc,  IIoumwr,ill  situaticn]s that

l)a]a]llctric.  xcgrcssio]l  also touch

‘J’llc ])rc)c.css of adjustillf;  tl]c cnt]]c,]]orj]al basis is rcpcatccl  a f t e r  eacl] llCW rcccivcd

sig]]al  ])lus- noise. ‘J’llc Cstilnatc of tllc signal set is updatjccl  cac.1]  ti]nc ill a ])otcntial]y

u]]c]ldil]g  process  of rqxatccl  l)rcsc]]tatic)]]s. ‘1’llC llllllJkT c)f sig]la]s Ilccxl Ilot lx! e x a c t l y

kIlown; alllctl]()(i  isdcxivcclf c)rcsti]l]atiIJgt  llcl]l]l]]l.)(~]. Tl]at is why we cn]ly nmcl a u]qmr

bolll]cl 011 tllcl]ulnbcxof  dilllcnsiolls,

If a c.cn]sta]]t u])date  rule is used, as it is il[ this })a]m], we will scc that cvclltu; il]y

a steady state  is  macl Icd w i th  a flllitc lIlcal I- squal”c crroI’ bctwcml each  IIlclnl)m’ of tl]c

cstilnatcd  ortjlmgculal  sigI]allillg set (wllic.11  will not k exac t l y  cmtllc)gcnml)  aIIcl  tl}c c.loscst

lIlclnlxx  c)f tllc true orthogonal  sd. ‘1’lIC llulIlk!l’ of Smplcs  llccck!d to fyi accc])tably  Close

(dc]Jcl,di*~g  o,, a slnal]  ma] *,ara*ndcr  () is called tl]c lcanLi7Lg  t i m e .

‘1’llctcmn  “ullsu])crvisccl”  ]]lc:]]ls tl]:lt\\?c alc]lc)tt,c)ld\  l~ll:lt tllcactlllil  sigl]:il })rcsc]ltcd

was. “~om])ctitivc’) recalls  that tlmclifl~:rent signals co]n])cte  with cacll ot.hcr to he chbseIl

if a givcxl signal vector is a lnc.IJ]bcr  of tllc cstinlatcd sig;nal]illg set at a givcl J step, tllcl]
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:Ilothi]]g  close to it CaII also Ix a mcml.mr. \47e move closer to the assumed ]HWSC]lLCC1 sig]]al,

aIId tl]c c)tllcr ~’cctors  am moved further away, A “sc.ali]]g  l a w ” tells how lalgc a Sallq)lc

is ]lccdccl to lcani, i.e., get C.lose to tllc! tl’uc Set, as tllc ]Hc)l}lcIn  size illc.rcascs. ‘1’his is

smncti]ncs  called tllc “curse of (lill-]c]lsio]  ]alit)y” ill statistics, for tllc saln])lc size IIC1’c  can

Ixxo]nc large il~dccd, a]]d, i]) Latch lcarllillg,  cwc@li]]F; interacts wit]l cvcry~llil]g  CISC.

A  ]mssiblc  intcqnctatim]  of tllc Liortllogo]]a] case  c.cmld ar ise  frol]l ~c)dc Division

Multiple Acxxss ((!DMA)  as could h used for adwu,ccd  digital cellular radio tclc],l~o,,c.

1]1 tl]is,  a ]mlnhc:r n of users arc cacl] given OIIC wavcfoxvn to sig;llal with by bi]lary antipocla]

sigllalli]]g.  g’llc n waveforms arc ortlq;m]al  Lc) cacll  otl]m,  to avoid mutual i]ltcrfcrcllcc,

‘1’llc wavcforllls arc constructed from n dilncllsicnls ccmcspondillg  to n ‘{chi])s,”  wllicll call

h thong;  ht$ of as snort ilJtcTvRls Wl]crc tllc? Wavcforlll call take C)llC of two Values, say a phase

of  +90[’ 01’ - 90°. llowcvcl,  tllc(li]]le]]sio]]s  CaII ll-IOIC gmicrally coIlcs])C)]l(li]lg to saIn])lcs

at tllc Nyguist  rak for the basclmnd clIaIIIIcl, ‘J’llc lcarllillg  tllc]] refers to SOII)COIIC who

dots  not k]low tl]c ortllc)gonal  sigl]allillf; set trying  to figure it out to get f]cc scrvicc  by

c~]oosillg  a wavcfcmn as far from otl]cls  ill the set as ])ossible. A]lc)tl]cli] ]tcl]Jlctatio]]  of

illc.rcmcntal  ]CWllill~  could hc in laIIguagc acqusiticnl whe r e  the  signal set concslmlds  to

tllc ])lmlclncs o f  a lallguqy. IIatc.11 IC.alllilg,  \\’llicl)  wc a l s o  ccjl]siclcl, ccmld ])cllla])s  1.)C

co]]sidcrcd  lilic sc)]nc Lirdsong lcanlillg  ill so]nc s]jccics.

The bio]tllogoua]  sigl]al set whit]] wc co]lsidcr cwncslmlds  to usi]lg the assig]]cd wavc-

fc)]]llo ]itsl]c gativctc)  txalls]i-lit  ]a]lclc)]l]l~i]]a]y  data. ‘I’llc fact  that wc axc])lcsclltc(ll~’itll

ol]ly mlc waveform at a ti]nc  would concslmld to li~ld traflic., or to tllc lcami]lg  rcmivcr

l)cillg  clc)sclt C)c)l]C:t  lal]sl]-]ittcrtl  lal] totl]cotllc]s. ‘J’l]c fact that tl]c ]]oisc is stlro]lg i]) tl]c

total  rcccivcd  siF;]]d is quite reasonable, and is tllc case wc consider ill this ]M])cI’. FOX if the

sig]]allilig set is k] Iou’11, t h e  ]]oisc ])OWCI  ad(ld tc) tllc IJlatdld filtcx out]mt’  of tllc!  (lctcctoI’

call I)c slnall  for low cmo] ]nobal)ility,  aIld yet tllc IJoise vcctcm a d d e d  tc) tllc signal vcc.tox

c.alI llavc larg;c lllcalI square, wllic~l is 7L ti]ncs  tllc varia]lcc  c)f the matc]ld filter out])ut.

Mcnmvcr,  if tlnc is CHOP corrcctix]g  c.ocling 011 tcq) of tllc ~DMA, CVC1l  the ]]c)isc o]] tllc

]natc.llcd  filter outlmt  need IIot, bc small: it CaII be mdcmtc,

of 1(0 dll) 01’ lCSS. ‘J’llis cxplaiIls  wlIy swnc of our xcsults a r c

tlIc  l]oisc vcc.tor IncaIl squaIc  is coIII]mIablc to or .gcdtcx  tha]l

3

say  a signal-  to noise ratio

dcrivccl for tllc case wllcrc

tllc lIulI1l.)cr of dilncusiolls.
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It is a xcasonalh  cqmrati]g  region for CH lMA.

WC dcvdcq) a fcmnal ]noclc] for tllc ])]-oblc]n, (H actually for a slightly  ]ncmc .gcllcrzi]  OI]C.

‘1’l]C ])lol)ability  clistxibuticms  c)f tl]c mc.civcd sig]];il-})ll]s-]lc)isc  am cvaluatccl.  g’llc Wcct

o f  tl]c  rcccivcd  sig]]al 01] tl]c C.urrcl]tl cstilnatcd ortllol]orlnal  s e t  i s  dctcr]nil]cxl,  slid t,llis

g;cts colIvcrtd i]h all cx])cctcd  c]lange, by cvaluatil]g  ccrtai]]  IIig;l]-cli]llcl]sioll:il in tegrals .

Solnc  ]Jloduc,ts of cx])cctatio]]s  nccdcd to bc cvalu[itcd.  We introduce a lnatlix  A4 WlICEC

cip;mnmlucs  hdp clctcrmi]]c  tllc rate of co IIvcrgcIIcc  of ICanlillg. ‘1’lIc s]xc.ial  case of qua]

sip;l]al })robabiliitics is world in detail. It is ]mrtic.ularizwl  tc) tllc case of strong ]]oisc,  fcn

w] ]icl 1 tllc coIlvcrgmc.  c time is cvaluatccl.

“1’llc variance of t,l]c cnror  a]lglcs is fou]ld al]d all cxanl])lc  worlicd out.  A t,y])ical rcsu]t

is that tl]e i]lcrcmcntal  lmrlling  time T\ and a]lgular varia]lcc v2(< :1 ) am rclatcc] ill stm]lg

l]oisc by

‘1’lIc cffcc.t  of crro]  a]lglc 011 tl]c CI)hfA IIIodcl is csti]]]atcd,  a])d tl]c ])N)I)IcI]]  of ]]ot bcilg

C1OSC to tl]c Corlcct sigl]al set a t  tl]e st)a]t cc)]] siclcrcd. ‘1’lK’  Il”lol”c gcllcl  al Case! of Uncqua]

]nol.ml~i]ity of ][)]csc]]tati[)]l  is also briefly co]]sidcrccl. Wc tllcll  allow a snlallcr  xnuilbcr of

crthm]orlnal  siglmls t o  bc prcsc]A (a]]d tll]cir IIUII-ll.)CI  lcanled)  thal] tl]c {lill-]cllsiollality c)f

tl]c s])ac.c. This may IX a more realistic assul]]])tfio]] tllall  assu]nil)g the nmnlmr c)f sjgllals

hlowll. ‘1’llc cmc of 110 sig;llals,  i.e., dctccti]]g  wlIcthcr  sig]ds arc king u s e d  at all or

Wl]ctllcr 01J12 is rcccivil]g  l~urc ]Ic)isc, is also covcrcd.

‘J’IIc above is tl]c  basic.  lnaill tllc]]lc, but, VTC also collsidcr so]nc side tllclllcs  of illtcrcst.

11] tllc dcscri])tion  just ]ncsmltcd,  tllc sig]]allillg set used was l)iC)ltllC)l]gcJ1]al,  I]ot Ortlmgcnlal.

A givcnl ort]lcn]onnal  basis vector or its ]lcgativc  was CI)OSCII with qual ]mbabi]ity for each

lwcscnltation. Thus, the  orthonoxmal set is l]ot strictly s])caking unique. It is oxlly dcfillcd

up to a sig]l flip c)]) CilCll basis vcc.tm. Wc ]nakc  tllc modific.atiolls  llcc.cssary to do tl]c strict

ort lmgm] al ca.sc. ‘1’IIC t w o  c.ascs arc co]lI]mrcd; tllcrc is fou]ld tc) h )Iot lnucl] savi]]g ill

i]lclclncl]tal lc(anli]]g i]) kllowillg that  a ])ar(ic.ular sign of tllc ulIklIowIl siglla] vector” will

always  bc Clloscll.
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Wc tllcn  tackle  an even hmlcr ]nmblcln,  lcmiil]g for tllc ortllogcma]  case usiug full

maximu]m liliclillocd  lmtcl]  i]]stcwd c)f illcrclncl]tal  lcarl]illp;.  Ilcxc %tch” is idcl]tificd  wit]]

cstfimatillg tllc signal set after all ])l$cscllttitic)lls  arc Inadc. I;c)tll tllc C)rt’hogomll and tllc!

biortl]ogmml maxi]nulm likclil]ocxl  cases a]c dw)c, a]ld tllc four rcmlts co]n]mrcd: cmthog-

o]]al al]cl bicmtllogmlal,  incrmnmltal al]d bat cl]. ‘1’l]c mmi]nu]m  Iikclil]md  estimate ill the

orthc)gol]a]  ca.sc h a s  a Icar]li]lg till]c  ]nqxxtio]]al  ( f o r  large l]oisc C7Z ) to 06 ]Sathcx t]lan

to CJ8, as i t  i s  for tl}c illcmncl]t,al  cu”thog;  o]ia] case. ‘1’his sugg;csts that  t]lc illcrc]llclltal

algorit)l]ll]  clocs l]cd fully ca])turc  the cxnlstraillt,  of e x a c t  c)l.tl]c)gollality.  111 tlhc biorhqp

]Jal case,  thcmgl],  tl]c  maxilnum  likclillocxl estin]atc  has tllc sa]nc u 8 bcl]avicw  as for the

i]lcrclllclltal  algorit)ll]n) but tl]c cmfficim]t  of 08 i]] t]lc bate.]] c.asc is s!nnllcr by tllc factor

(4(k)g  7,)3/772)x (1/ log(]/nv2)),

wl]czc 0? is tl]c s]]]all dcsirml varia]]cc after lcfir]]i]lp;.

Wc fi]mllv dcvclo]) in cm IIlost rece]lt vwxk IIIOre accurate cxtimatcs  valid for Imsc)Il-.

able saIII])lc sins. T’llcsc rdiIId estilnatcs are c.mnpard  witlj  sillmlaticnls ancl tllc rcwlts

SIIOW] 1 to ap,rcc WC1l with c)ur tllcory.


